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Exploring the Validity of the Spalart–Allmaras
Turbulence Model for Hypersonic Flows

R. Paciorri,¤ W. Dieudonné,† G. Degrez,‡ J.-M. Charbonnier,§ and H. Deconinck¶

von Kármán Institute for Fluid Dynamics, 1640 Sint-Genesius-Rode, Belgium

The Spalart–Allmaras turbulence model has been implemented in a � nite volume code using an implicit � nite
difference technique. First, the implementation was validated on � at plate turbulent boundary-layer � ows under
various � ow conditions. Then, three high-speed � ow applications characterized by different turbulent phenomena
were considered to investigate the behavior of the Spalart–Allmaras model in the hypersonic regime, namely, a hy-
personic wind-tunnel � ow, a Mach 5 � ow over a hollow-cylinder � are, and a Mach 6.8 � ow over a hyperboloid � are.
Numerical results were found in excellent agreement with experimental data for the attached nozzle � ow and the
hyperboloid � ow involving laminar separation and turbulent reattachment. For the hollow-cylinder � are con� gu-
ration,which involvesturbulent separation, the magnitudesof surface pressure and ofheat transfer peakswere cor-
rectly predicted, whereas their positionswere slightly incorrect due to the underprediction of the separationbubble
size.

Nomenclature
bdest = destruction term, m2 s¡2

bprod = production term, m2 s¡2

btrip = trip term, m2 s¡2

c f = skin-friction coef� cient
cp = pressure coef� cient
d = distance to the wall, m
dT = distance to the transition point, m
M = Mach number
P = pressure, Nm¡2

Pt = pitot pressure, Nm¡2

Pr = Prandtl number
R = gas constant, J kg¡1 K¡1

Re1 = unit Reynolds number, m¡1

S = vorticity, s¡1

St = Stanton number
T = temperature, K
u = velocity component, m s¡1

yC = distance normal to the wall expressed in wall units
c = ratio of speci� c heats
l = dynamic viscosity, kg m¡1 s¡1

m = kinematic viscosity, m2 s¡1

q = density, kg m¡3

r = turbulent Prandtl number

Subscripts

i, j, k = coordinate index
T = turbulent
w = wall
0 = reservoir conditions
1 = freestream

Introduction

T URBULENCE modelingplays an important role in hypersonic
� owcomputations.Becauseturbulent� ows arepresentin many
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hypersonicapplications,it is often necessaryto include a turbulence
model in the � ow modeling. Nevertheless, the turbulence models
developed in the past do not behave well in many situations present
in hypersonic� ows, and big differencesexist between the computed
solutions and the experimental data.1

A newfamilyof turbulencemodelsbasedononedifferentialequa-
tion was recently introduced by Baldwin and Barth.2 The Spalart–
Allmaras model3 representsthe latest evolutionof this class of mod-
els. This family does not follow the classical Prandtl approach,
where the model equation is obtained from the turbulent kinetic
energy equation. In particular, the Baldwin–Barth model derives
the equation from the k–² model, whereas in the Spalart–Allmaras
model, the equation is generatedfrom scratch using empiricismand
arguments of dimensional analysis, Galilean invariance, and selec-
tive dependence on the molecular viscosity.

The Spalart–Allmaras model has been implemented by many
groups, providinggood results in a wide range of different applica-
tions.4 Nevertheless, the behavior of this new turbulence model in
hypersonic � ow has not been adequately explored. The purpose of
the present study is to review its performance in the hypersonic
regime.

Model
The Spalart–Allmaras model belongs to the family of eddy vis-

cosity models. This family of models is based on the assumption
that the Reynolds stress tensor ¡ q u0

i u
0
j is related to the mean strain

rate through an apparent turbulent viscosity, called eddy viscosity
m T :
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In the Spalart–Allmaras model, the eddy viscosity is computed
through a partial differential equation. In particular, the eddy vis-
cosity m T is computed by an intermediate variable Qm through the
relation

m T D Qm fv1( v ) (2)

where v is the ratio
v D Qm / m

and fv1 is a damping function. The intermediate variable Qm is com-
puted by solving a differential equation that can be written in com-
pact form as

DQm
Dt

D bprod(S, Qm , d) ¡ bdest( Qm , d) C btrip(dT )

C
1
r

r ¢ [( m C Qm )r Qm ] C cb2(r Qm )2 (3)
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where btrip is a specialsource term that allows the speci� cationof the
laminar–turbulent transition point location. Although the transition
onset point has to be user speci� ed, the � ow development in the
transitionregion is built into the model throughthis trip source term.
The quantities enclosed between the braces show the variables on
which the various source terms mainly depend.The last term on the
right-hand side is a diffusion term, and cb2 is a calibration constant.
Moredetailsandanextensivediscussionabout theSpalart–Allmaras
model are reported in Ref. 3.

Implementation
The model has been implemented in the von Kármán Institute

(VKI) multiblock (VKI-MB) code, which is an existing two-di-
mensional/axisymmetric compressible Navier–Stokes solver based
on an upwind � nite volume technique5,6 and includes both explicit
and implicit time-stepping schemes. The turbulence equation (3)
is discretized in space by � nite differences over the dual mesh of
the � nite volume mesh, i.e., a mesh whose nodes are the centers of
the cells used by the � nite volume scheme, and marched in time
using a point implicit time-stepping scheme. Convective terms are
discretized using � rst-order upwind � nite differences, whereas dif-
fusion terms are discretizedusing central differences.The point im-
plicit time integration scheme consists of applying a single Jacobi
iteration on the linearized backward Euler time discretization of
the space-discretized turbulence equation. More details about the
implementation of the turbulence model in the VKI-MB code are
reported in Ref. 7.

Results
Boundary-Layer Flows

To validate the turbulence model implementation, a number of
� at plate boundary-layer calculations have been carried out and
numerical results have been successfully compared with both ex-
perimental data and classical theories.7 In particular, the computed
skin-frictioncoef� cient has been comparedwith Van Driest’s corre-
lation 8 for subsonicand supersonic � ows over an adiabatic � at plate
at M1 D 0.3, 2.0, and 6.0. To allow for the comparison with Van
Driest’s correlation, the molecular viscosity was assumed to vary
as a power of the static temperature, with an exponent x D 0.76.
The comparison is shown in Fig. 1, where the normalizedcomputed
skin-friction coef� cient for Rex D 107 is plotted as a function of
Mach number. The agreement with Van Driest’s correlation is seen
to be quite satisfactory even if the numerical results tend to un-
derestimate the analytical data. Note that two-equationmodels also
show the same behavior.9 For completeness, an additional compu-
tation was carried out using Sutherland’s viscosity law at Mach 6.0.
As seen in Fig. 1, the result is very close to that obtained with the
power-law molecular viscosity approximation.

Fig. 1 Flat plate skin-friction coef� cient for Rex = 107; comparison of
numerical results and Van Driest correlation.8

Table 1 LSCN1 operating condition

Testing gas N2
P0 , bar 900
T0 , K 2100
Nozzle length, m 1.694
Divergent angle, deg 6
Throat diameter, mm 5

Fig. 2 Mach number contours in VKI Longshot nozzle.

Wind-Tunnel Computation
The � rst application case considers a turbulent high-speed ax-

isymmetric � ow occurring in the VKI Longshot wind tunnel.10 This
facility is a free piston wind tunnel, which can provide � ows at
very high stagnation pressure levels (up to 4000 bar) and moderate
temperatures (up to 2500 K). The Mach number of the � ow in the
test chamber can be changed from 14 to 20 using different nozzles
(conical and contoured) and gases (N2 and CO2 ).11 The computa-
tion to be presented reproduces an operating condition within the
conical nozzle called LSCN1, where nitrogen (N2 ) is used as the
testing gas. The reservoir conditionsand some geometricalparame-
ters of the wind-tunnelnozzle are summarized in Table 1. Turbulent
phenomena strongly in� uence the � ow in the divergent part of the
nozzle. Indeed, transition,which occurs downstreamof the throat in
an a priori unknown location, induces an important boundary-layer
thickening. The resulting blockage effect signi� cantly affects the
� ow development in the nozzle and, consequently, the � ow condi-
tions in the test section, as shown in Fig. 2, where the Mach number
isolines of the computed solution are plotted.

Taking into account the low operating temperature of the gas in
the wind tunnel, the � ow is modeledbyusingthe idealgasmodel and
the molecularviscosityis computedby meansofKeyes’ law. In view
of the short running time (15 ms), the wall temperature of the wind
tunnel is assumed to be uniform and equal to the pretest ambient
value, i.e., 300 K. The solution has been computed on a sequence
of three successively re� ned H grids with 269 £ 41, 537 £ 81,
and 1073 £ 161 points, respectively,which cover a computational
domain extending from slightly upstream of the throat to the test
section.Downstream of the nozzle exit plane, the freejet is assumed
to grow conically and a slip boundary condition is applied at the
jet boundary. Stretching was used at the wall with a normal cell
dimension at the throat of 5 £ 10¡5, 2.5 £ 10¡5 , and 1.25 £ 10¡5

mm for the coarse, medium, and � ne grids, respectively.Practically
identical heat transfer distributions were obtained on the medium
and � ne grids, indicating grid convergence.12

As already mentioned, the transition onset location is actually
unknown.To determine it, three � ow computationswere performed
with the transition onset point � xed at the throat and 0.15 and 0.30
m downstream, respectively. The normalized pitot pressures in the
test section 20 mm downstream of the nozzle exit computed on the
� ne grid are comparedwith the experimentalmeasurements,as well
as with the results of a fully laminar computation, in Fig. 3. Laminar
results are characterizedby a thin shear layer and a low pitot pres-
sure level in the test section, which is logical because a thinner wall
boundary layer results in a higher Mach number in the core and,
therefore, a smaller pitot pressure. The pitot pressure in the core
is seen to be best matched with transition � xed at 0.3 m from the
throat, whereas transition � xed at 0.15 m yields a shear layer thick-
ness in closer agreement with the experimental data. Computed and
measured heat � ux distributionson the nozzle wall are compared in
Fig. 4. Following the standard experimental procedure at VKI, they
are normalized by the measured heat � ux at the stagnation point of
a 25.4-mm-radius hemispherical probe to account for slight varia-
tions in test conditions. It is seen that the transition point location
has only a negligible effect on the wall heat � ux in the turbulent
region, and as all heat � ux measurement points lie in the turbulent
region, the comparison does not allow one to determine the actual
transition point location.



PACIORRI ET AL. 123

Fig. 3 Comparison of measured and computed normalized pitot pres-
sures in test section.

Fig. 4 Comparison of measured and computed nozzle wall heat � ux
distributions.

Fig. 5 Hollow-cylinder-� are geometry.

Hollow-Cylinder-Flare Computation
The second application corresponds to the Mach 5 � ow over a

hollow-cylinder � are. It was selected by AGARD-FDP Working
Group 18 as a validation case.13 The model consists of a 250-mm-
long hollow cylinder with a sharp leading edge. At the end of the
cylinder, a 35-deg � are is mounted (Fig. 5). The freestream � ow
conditions and other test case parameters are reported in Table 2.

The � ow near the junction is characterized by a shock wave/
boundary-layer interaction with a locally separated � ow, a weak
compression wave generated at the separation point, and a strong
compression shock wave downstream of the reattachment point

Table 2 Hollow-cylinder � are test case

M1 5.01
T0, K 500
P0, Pa 3.5 £106

Tw , K 300
l Sutherland’s law
Transition, m XT D 0.125
Pr 0.72
PrT 0.90
Re1 , m¡1 4.41 £ 107

R, J kg¡1 K¡1 287
c 1.4

Fig. 6 Hollow-cylinder � are � ow� eld structure: pressure contours.

(Fig. 6). Turbulence plays an important role in this viscous inter-
action. In fact, the Reynolds number is suf� ciently high (Re1 D
4.41£107 m¡1 ) to ensurea fully turbulentboundarylayer upstream
of the separation point. In the experiment, the turbulent transition
occurs along the cylinder and the end of the transition region is
approximately located at 125 mm from the leading edge. In the nu-
merical computations, the beginning of the transition was � xed at
121 mm to account for the transition region length. The computed
boundary-layer thickness just upstream of the interaction (220 mm
downstream of the leading edge) was 2.1 mm.

The numerical solutions were computed on three different
meshes. To start, a 100 £ 50 mesh was used, after which the mesh
was improved to obtain more accurate results. In particular, the � rst
mesh adopts a constant wall stretching, whereas in the second one
the wall stretching is adapted, taking into account the � ow char-
acteristics near the wall, as shown in Fig. 7. For this reason the
second mesh assures a better wall discretization in the proximity
and downstream of the reattachment point. This region is critical
for the discretization.In fact, the boundary layer becomes very thin
due to the high pressure in the reattachment point caused by the
compression process. In addition, it is important to obtain a good
solution in this zone because the pressure and heat � ux peaks are
located in this region. Figure 8 shows the yC values in the near
wall points for both meshes. Although the meshes have the same
number of cells, the value of yC does not exceed 2 in the second
mesh, whereas in the � rst one yC is higher than 6. This means that,
using the � rst mesh, no discretization points are placed in the vis-
cous sublayer in proximity of the reattachment point. The effect of
this mesh inadequacy on the solution accuracy is evident, observ-
ing the Stanton number distributions (Fig. 9). Of course, this lack
of accuracy does not affect the pressure distribution because the
pressure hardly depends on the near-wall boundary-layerbehavior
(Fig. 10).

Finally, the solutionwas computedon a 200£100 mesh based on
the improved stretching.Figures 9 and 10 show the � nest-mesh so-
lution and the experimental data.14 Concerning the Stanton number
distribution, the agreement between the experimental data and the
numerical results computed by using all of the meshes is excellent
upstream of the separationpoint, whereas it is good downstream of
the reattachment point only if the improved meshes are used. The
numerical results do not match well with the experimental data in
the separated � ow region. Even if the magnitude of the heat � ux
peak is well estimated, its position is not correct because the size
of the recirculation bubble is underpredicted. The comparison of
the pressures exhibits the same behavior except downstream of the
reattachmentpoint, where the difference between the experimental
and numerical data is larger.
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First-attempt mesh (100 £ 50)

Improved mesh (100 £ 50)

Fig. 7 Coarse grids for hollow-cylinder-�are problem.

Fig. 8 Hollow-cylinder � are: y+ distributions.

As pointed out in Ref. 1, there exist at least two reasons for
the discrepanciesbetween computational and experimental results,
in particular regarding the separation bubble size. First, shock
wave/turbulent boundary-layer interactions such as the present one
are known to be highly unsteady, involving large-amplitude shock
wave motions15 that are not capturedby Reynolds-averagedNavier–
Stokes computations. Second, eddy viscosity models use a single
length scale to characterize the turbulence characteristics.Whereas
this is valid for attached boundary layer � ow, it ceases to be cor-
rect in the presence of separation bubbles. In addition, the Spalart–
Allmarasmodel, likemany turbulencemodels,uses near-walldamp-

Fig. 9 Hollow-cylinder � are: Stanton number distribution.

Fig. 10 Hollow-cylinder � are: wall pressure coef� cient distribution.

ing functions that lose their validity in the neighborhood of two-
dimensional separation and reattachment points.

Hyperboloid-Flare Computation
The last application case considers the � ow over a hyperboloid

� are tested in the DLR, German Aerospace Research Establish-
ment, DLR-RWG wind tunnel.16 The model geometry, de� ned in
Ref. 17, is an axially symmetric geometry whose meridian shape is
the windwardcenterlineof the Hermes spacecraftat 30-deg angleof
attack and with a 20-deg body � ap de� ection. The � ow conditions
in the test chamber and other parameters concerning this test case,
known as the high-Reynolds-numbercase, are reported in Table 3.
This computationwas performed as VKI’s contribution to the 1996
EuropeanSpace Agency/EuropeanSpace Researchand Technology
Center Workshop on Reentry Aerothermodynamics.18,19 As in the
hollow-cylinder-�are � ow, a complex � ow structure exists near the
junctionof the hyperboloidwith the � are, such as a shock/boundary
layer interaction and recirculatory � ow. Contrary to the earlier test
case, the � ow in this region is not completely turbulent. In fact,
turbulent transition occurs downstream of the separation point in a
location that is unknown.

To investigate the effect of transition, three � ow cases were com-
puted, namely, a fully laminar � ow and two turbulent � ows with the
transition point � xed, respectively, at separation and reattachment.
Three grids of increasing re� nement were used for each � ow case,
i.e., 101 £ 26, 201 £ 51, and 401 £ 101 grids. The medium grid is
shown in Fig. 11. The mesh stretchingwas such that yC did not ex-
ceed 3 on the � ne mesh for all three � ow cases, as shown in Fig. 12.
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Table 3 High-Reynolds-number
test case

Testing gas Air
M1 6.85
T0 , K 600
P0 , Pa 3.25 £ 106

Tw , K 300
Pr 0.72
PrT 0.90
Re1, m¡1 14.8 £ 106

Fig. 11 Hyperboloid-�are computation: medium (201 £ 51) grid.

Fig. 12 Hyperboloid-� are computation:y+ distributionson � ne mesh.

Grid sensitivity is shown in Fig. 13 for the turbulent � ow with tran-
sition � xed at reattachment. Although not perfectly identical, the
medium- and � ne-mesh distributions are suf� ciently close that the
� ne-gridcomputationmay beconsideredpracticallygridconverged.

For the turbulent � ow cases, running the Spalart–Allmaras model
from an initial uniform � ow did not provide a correct solution as
the trip term was not suf� ciently large to trigger a proper turbu-
lence buildup, so that the � ow remained essentially laminar. This
problem was mentioned by the authors of the model in Ref. 3, and
they suggested increasing the value of the constant that multiplies
the trip term. Another strategy was used in the present work. A � rst
approximation of the turbulent viscosity was computed using the
algebraic Baldwin–Lomax model,20 which served to initialize the
intermediate variable Qm (Ref. 18). An additional bene� t of this pro-
cedure is that it dramatically reduces the CPU time to convergence.

Fig. 13 Hyperboloid-�are computation: skin friction coef� cient dis-
tributions on three grids (case with transition at reattachment).

Fig. 14 Hyperboloid-�are computation: � ne-grid pressure coef� cient
distributions.

In fact, in this way the long transient time that the Spalart–Allmaras
model requires to produce a high-enough turbulent viscosity level
needed to activate the production term downstream of the trip point
is eliminated.

The � ne-grid pressure coef� cient and Stanton number distribu-
tions for the three � ow cases are shown together with experimental
data in Figs. 14 and 15. It is observed that � xing the transition point
at separation results in a much too small separation bubble, so that
it can be safely concluded that transition takes place downstream
of separation. On the other hand, � xing transition at reattachment,
the Stanton number distribution changes remarkably downstream
of reattachment with respect to laminar computation. In particular,
it strongly enhances heat transfer. A similar behavior is shown by
the skin-friction coef� cient (Fig. 16). The peak heating magnitude
is seen to be in excellent agreement with the experimental data, but
the computed Stanton number rise is slightlydownstreamof the ex-
perimental one, suggesting that transition might actually take place
somewhat upstream of reattachment. The pressure coef� cient dis-
tribution also agrees quite well with the experimental data, except
in the separated region, where the pressure level is overestimated,
perhapsdue to a slight overestimationof the separationbubble size,
and is seen to be essentially insensitive to the boundary-layer state
downstream of reattachment. Finally, the skin-friction coef� cient
distribution reveals the existence of a secondary separation bubble
(Fig. 16).
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Fig. 15 Hyperboloid-� are computation: � ne-grid Stanton number
distributions.

Fig. 16 Hyperboloid-� are computation: � ne-grid skin-friction coef� -
cient distributions.

Conclusion
The Spalart–Allmaras turbulence model has been implemented

in a cell-centered � nite volume solver and tested for several hyper-
sonic � ow con� gurations.For the fully attachednozzle � ow case, as
well as the hyperboloid-�are con� guration that involves a laminar
separationand turbulentreattachment,excellentagreementwith the
experimental data was obtained. For the hollow-cylinder � are con-
� guration, which involves a turbulent separation, it was seen that
peakpressureand heat transfervaluescouldbe correctlypredictedif
the mesh was appropriatelydesigned, in particular if the resolution
normal to the wall was suf� cient, but the separationbubble size was
underestimated.

This underestimation is believed to be an intrinsic limitation of
the model. Indeed, the Spalart–Allmaras model, even if it is more
sophisticated than other eddy viscosity models (for instance, the
algebraicmodels), is designedmainly to treat attached � ows. More-
over, because the production term bprod is a functionof the modulus
of vorticity,themodelpresentsa speci� c problemat pointswhere the
skin friction vanishes (separation and reattachment points). In fact,
at such points, an arti� cial decrease in turbulent viscosity level is
observed. This behavior is emphasized by the presence of damping
terms, which are calibrated against the law of the wall and which
do not apply in the neighborhood of separation or reattachment.
Nevertheless, even if the behavior of the model in the separated

� ow regions is clearly off-design, the computed solution is able to
provide important and useful information.
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